In this work we consider a cosmological model in which dark energy is portrayed by a canonical scalar field which is allowed to couple to the other species by means of a disformal transformation of the metric. We revisit the current literature by assuming that the disformal function in the metric transformation can depend both on the scalar field itself and on its derivatives, encapsulating a wide variety of scalar-tensor theories. This generalisation also leads to new and richer phenomenology, explaining some of the features found in previously studied models. We present the background equations and perform a detailed dynamical analysis, from where new disformal fixed points emerge, that translate into novel cosmological features. These include early scaling regimes between the coupled species and broader stability parameter regions. However, viable cosmological models seem to have suppressed disformal late-time contributions.
D ≡ D(φ) [26, [28] [29] [30] . This has great physical importance, since Horndeski theories are the most general extensions of Scalar-Tensor theories of the Brans-Dicke type [31] . Its generalisation, known as Beyond Horndeski or GLPV theories, contain higher order derivative terms but are nonetheless healthy in the sense that they avoid instabilities [32] . Analogously, it has been shown [33] that the Lagrangian structure of GLPV models is preserved under disformal transformations of the form C ≡ C(φ) and D ≡ D(φ, X), [34] [35] [36] . However, if C ≡ C(φ, X), terms that do not belong to the GLPV setting may arise, which are the cause of Ostrogatski instabilities [37] . In [38] it has also been shown that, under specific conditions, the form of the quadratic DHOST theories, is also preserved under disformal transformations of the general form presented in Eq. (2) .
Disformal transformations in cosmology find fundamental motivation in brane-world models [39, 40] and massive gravity theories [41, 42] and have applications in several research fields such as varying speed of light models [43, 44] , relativistic MOND theories [45, 46] , and extensions of dark matter [47, 48] They are also found in theories in which Lorentz invariance is broken spontaneously on a non-trivial background [49] , in Palatini formulations [50] and have been used to investigate the onset of inflation in the early Universe [51] [52] [53] . Disformal scalar field theories have been widely addressed in the context of dark energy scenarios [54] [55] [56] [57] [58] [59] [60] , namely with dynamical systems techniques [61] [62] [63] [64] . Several laboratory experimental tests and cosmological observations have been proposed in order to constrain disformally coupled scalar field models, as for example in [65] [66] [67] [68] [69] [70] [71] Disformal transformations in cosmological perturbations have been investigated, for example, in [59, 72, 73] and in [74] it was shown that curvature perturbations are not identically invariant if C ≡ C(φ, X) in Eq. (2) . Unlike conformal transformations, disformal transformations can change the causal structure of the spacetime and have non-trivial effects on radiation-like fluids, allowing for modifications in the behaviour of photons [75, 76] The main goal of this work is to perform a detailed analysis of generalised couplings between a canonical scalar field, portraying dark energy, and the matter sector. To do so, we assume that the scalar field is disformally coupled to a perfect fluid, as was done in [77] , but we extend the analysis in the existing literature by assuming that the disformal coefficient can also depend on the kinetic term associated to the scalar field. This problem has already been addressed in [78] but we intend to revisit it with a different approach. We assume that different matter species couple differently to the scalar field as couplings to baryons and photons are severely constrained from Solar System tests [79] [80] [81] . This choice of non-universal coupling is motivated by the recent constraints on the speed of gravitational waves inferred from observations of the optical counterpart of a binary neutron star merger [82] .
This paper is organised as follows. In Sec. II, we introduce the kinetic disformally coupled quintessence scenario and derive the general equations of motion. In Sec. III we present the equations in a Friedmann-Lemaître-Robertson-Walker (FLRW) background and the form of the interaction term. In Sec. IV we follow to rewrite the equations as a dynamical system in terms of dimensionless variables with physical interest and proceed to the study of the single-fluid scenario for both pressureless and relativist fluids. Additionally we comment on the novelties associated with the introduction of the kinetic dependence, in contrast with [77] and also comment on some of the "pathologies" and features found in previous works. In Sec. V we discuss the existence of viable scenarios with cosmological interest. We perform numerical simulations that suggest that while the emergence of the disformal fixed points can lead to early scaling regimes, the disformal contribution is always suppressed at late times. Finally, we conclude in Sec. VI.
II. The Model
In this section we will focus on the construction of a cosmological framework in the presence of a dark energy component, that is allowed to interact with other matter species. This coupling emerges naturally in the theory by means of a disformal transformation of the metric tensor from the Einstein frame to the Jordan frame:
in which case, we can also derive the inverse transformed metric
and the determinant of the metric
where C ≡ C(φ) and D ≡ D(φ, X) are the conformal and disformal coupling functions, respectively, and X = − 1 2 g µν ∂ µ φ∂ ν φ is the kinetic term associated with the scalar field. Hereafter we identify the field φ in Eq. (3) as the dark energy field and, therefore, the coupling between matter and dark energy is fully described by considering that each matter fluid propagates on geodesics defined according to some metric disformally related to the gravitational metric. Thereupon, we consider an Einstein frame action enclosing the gravitational Lagrangian and the scalar field Lagrangian, which depend on the metric g µν , and the matter Lagrangian, a function of the disformal metricḡ µν , as defined in Eq. (3):
where the first term is the usual Einstein-Hilbert form for the gravitational action, constructed from the scalar curvature, R, with κ 2 ≡ 8πG being the scaled gravitational constant. The term L φ ≡ X − V (φ) is the Lagrangian density of the canonical dark energy field, where V (φ) is a general self-coupling potential.L stands for the Lagrangian of the matter fluids, where ψ denotes matter fields propagating on geodesics defined byḡ µν . As a first approximation, and for the sake of simplicity of the analysis, we focus on couplings of the dark energy field to a single effective fluid. The Einstein field equations are derived by variation of the action in Eq. (6) with respect to the gravitational metric g µν :
where G µν is the Einstein tensor and R µν is the Ricci curvature tensor. The objects T φ µν and T µν stand for the energy-momentum tensors for the scalar field φ and matter:
The energy-momentum tensor for quintessence can be computed directly from Eq. (6):
The energy momentum tensor in the transformed frame is related to the one in the original frame defined in Eq. (8) as
where J ≡ √ −ḡ/ √ −g is the Jacobian of the transformation, the subscript (,) denotes partial derivatives and, accord-
The equation of motion, or the coupled Klein-Gordon equation, is derived through variation of the action with respect to φ and reads:
where = g µν ∇ µ ∇ ν is the D'Alembertian operator and
is the interaction term, responsible for establishing how energy flows between the dark energy component and the matter sector. From Eqs. (9) and (12), we derive the following conservation relations, needed in order to preserve general covariance:
and
Note that the Einstein tensor G µν is indeed divergenceless but that does not imply the individual conservation of the energy-momentum tensors. This is ascribed to the fact that the termL depends on the field φ, throughḡ µν . For the trace of the fluid's energy momentum tensor we have:
Using Eq. (16) , it is possible to rewrite Eq. (10), from where we extract the following relation for the energy momentum tensor in the transformed frame:
Using the relations in Eqs. (16) and (17) it is possible to write Eq. (13) in terms of quantities in the unbarred frame.
III. Background Cosmology
Having presented the general formalism of the kinetic disformally coupled model, we follow to specifying a background cosmological framework. We assume a homogeneous, isotropic, spatially flat FLRW metric in Cartesian coordinates:
where a(t) is the scale factor, a function of the cosmic time t. The homogeneous scalar field is assumed to depend on time only, and time derivatives in this frame will be denoted by an upper dot. We also assume that the coupled species under consideration is well described, at large scales and with high precision, by a continuous perfect fluid, so that
where ρ and p are the fluid's energy density and pressure, respectively, and u µ is the fluid's four-velocity, which for a comoving observer is given by u µ = (−1, 0, 0, 0). The energy momentum tensor of the field can also be rewritten so as to convey a perfect fluid form:
as long as, following Eq. (9), the field's energy density and pressure are expressed as:
Also, according to Eq. (21), we derive the equation of state (EoS) parameter for the field:
The Einstein field equations give rise to two coupled differential equations for the scale factor a(t) and the functions ρ(t) and p(t). Additionally, taking Eq. (12) and Eq. (7), we may write the modified Klein-Gordon equation, the fluid conservation equation and the Friedmann equations for the single-fluid model in this frame:
where H ≡ȧ/a is the Hubble rate, w = p/ρ is the EoS parameter for the coupled fluid and Q is the interaction term in this frame, as defined in Eq. (13) . The exchange of energy becomes more apparent when writing the continuity equation for the field, derived from Eqs. (15) and (23):
Together, equations (27) and (24) define the direction in which energy is being transferred: if Qφ > 0, it is the matter sector which grants energy to the DE field, whereas if Qφ < 0 it is the dark energy fluid which sources the matter sector.
Ultimately, we find that the interaction term for an FLRW cosmology with a perfect fluid coupled to the scalar field, reads:
where
IV. Dynamical System
The system of equations (23)-(26) can be expressed as a set of first order differential equations. When doing so, it is useful to introduce the following dimensionless variables [83] :
where the Einstein frame time coordinate t has been replaced by the number of e-folds, N ≡ ln a, and derivatives with respect to N are denoted by a prime. For concreteness, we assume that the conformal and disformal coupling functions and the scalar field potential have the following forms:
where α, β, λ and µ are all dimensionless constant parameters and M , V 0 and C 0 are constant parameters with dimensions of mass, mass to the fourth, and no dimensions, respectively. In this deliberately simple case, the quantities λ V to ξ D , defined in (31) , are constants. Since the parameter C 0 is merely a global rescaling of the conformal contribution, without loss of generality, we may set C 0 = 1. The variable σ defines the disformal strength and can be expressed in terms of the scale of the disformal function, M as:
It is noteworthy to highlight that the novelty associated with this model lies in the possibility of having the disformal function depend on the kinetic term of the scalar field. We restrict the model to the case of a power-law dependence, expressed through the new parameter µ and moreover, we will consider only positive values of µ in order to avoid possible singularities in the coupling (when the velocity of the scalar field, i.e. X, goes through zero). We are interested in understanding to what extent the addition of this degree of freedom affects the overall dynamics of the system. Comparing the definitions in (31) and (32) , it is easy to conclude that the freedom associated to the system lies in 4 parameters only:
From the expression for Q given in Eq. (28) (for a general form of the potential and the coupling functions), the definition of the dynamical variables in (31) and (32), the interaction term can ultimately be rewritten, as a function of the parameters, α, β, λ and µ, as:
As expected, by setting µ = 0 in Eq. (28) we recover the coupling function introduced in [77] , for a purely fielddependent disformal transformation. One immediate conclusion is that the coupling function given in Eq. (35) has a second order dependency on the variable related to the disformal coupling, σ, whereas in [77] only a linear dependence was found. As we will see, this results in the emergence of new (disformal) fixed points solutions. With this parametrisation, the system is promptly related to previously studied cases:
• If µ = 0 the system reduces to disformally coupled quintessence, in the case where the conformal and disformal functions depend only on the field itself. This was studied in [59, 77] .
• If M −1 = 0 this system coincides with the standard coupled quintessence scenario, which was properly analysed in [7, 18, 20] .
• Finally, if M −1 = 0 and α = 0 we are left with the standard (uncoupled) quintessence scenario, presented in [7, 83] .
Taking the variables defined in (31) , along with the choice for the form of the coupling functions and the potential in (32), we can write the system of dynamical equations for the single fluid case, which is guaranteed to be autonomous and closed:
Equations (36)-(40) can be simplified according to the Friedmann constraint,
which we use to write z in terms of the other variables, reducing the dimensionality of the system. The quantity in brackets in Eq. (40) defines the effective equation of state parameter:
Recall that the effective EoS parameter is the one from which we gather if the Universe portrays a period of accelerated (w eff < −1/3) or decelerated (w eff > −1/3) expansion at present times.
Time integration of Eq. (40) gives the evolution of the scale factor over time, at any fixed point x f , y f , σ f of the phase space: (42) . Note that this means that even if we are not able to describe the entire evolution of the Universe, the asymptotic behaviour will always be well-defined, provided that it is given by a specific fixed point solution.
It is also possible to express the relative energy density ans the equation of state parameter of the field, in terms of the dynamical variables defined in (31):
The EoS parameter of the fluid in the Jordan frame, defined by the metricḡ µν , reads:
Note thatw is frame-dependent, except for the exceptional case of the system with µ = 1. For example, in the case of pressureless matter and radiation,w m = 0 andw r = 1/3 respectively. It follows that for dust-like (pressureless) fluids, the EoS vanishes in both frames, whereas for radiation-like fluids in the Einstein frame it becomes:
We also perform the following parametrisation:
such that 0 ≤ γ ≤ 2.
A. Phase Space and Invariant Sets
The physical phase space can be restricted by considering that the energy density of the matter fluids is always positive, implying that 0 ≤ Ω φ ≤ 1, which translates into:
This condition defines a unitary circle on the (x, y)-plane, centred at the origin. According to Eq. (44), points on the unit circle stand for scalar field dominated configurations (i.e., points for which Ω φ = 1). Examining the dynamical system of equations (36) , (37) and (39), we conclude that y = 0 is an invariant set of the system. Furthermore, the system is invariant under the transformation y −→ −y. For this reason, throughout this work, we focus only on positive values of y, reducing the physical phase space in the (x, y)-plane to a half-unit disk centred at the origin.
The (x, y, σ)-phase space is still non-compact since:
This means that, in order to draw the full space, we first need to compactify it.To do so, we introduce the variable (following the procedure in [77] )
The phase space is now the compact set
a semi-circular prism of length π/2. This parametrization is useful in order to draw the global phase space, including the asymptotic behaviour as σ → ∞.
In order to assure that the disformal transformation is well defined (invertible and real), we take into account the parameter Z (see Appendix A of [58] ), related to the Jacobian J, in general, as
which, in terms of the variables defined in (31), reads
From Eq. (53), we require Z ∈ R \ {0}. Even though it may be problematic, we do not fully disregard the Z = 0 case, which stands for a singularity in the metric. On these grounds, the phase space is further restricted by:
This condition implies that the compactified surface Σ → π/2 (equivalent to σ → ∞) intersects the phase space on the line x = 0 only. We still have to account for the existence of an additional singularity, related to the limit in which the denominator of Eq. (28) becomes null and, consequently, Eq. (36) diverges. This corresponds to a surface which, by appropriate numerical simulations, we find to always lie outside the phase space delineated by (55) , meaning that the coupling Q never becomes singular in this regime.
The system is invariant under the simultaneous transformation (x, α, β, λ) −→ (−x, −α, −β, −λ). In other words, the phase space is fully described if we take into account only non-negative values of λ. Note that the presence of the coupling does not allow for more symmetries. Recall that, in order to avoid singularities related to the definition of the disformal function in (32), we only consider µ ≥ 0.
Summarising, we have a three-dimensional phase space, defined according to
and four free parameters, α, β ∈ R and λ, µ ∈ R ≥0 , to fully characterise the system.
B. Dynamical System Analysis
The fixed points with an arbitrary constant equation of state parameter, γ, are found by setting the left-hand side of the autonomous equations (36), (37) and (39) equal to zero and solving the resulting polynomial equations for x, y and σ. In what follows, we also include the study of the set of fixed points at the compactified plane Σ = π/2.
For a thorough analysis we examine the relevant cosmological parameters, Ω φ , Z, w φ and w eff , as defined in Eq. (44), (54), (45) and (42), respectively. Evaluating the effective EoS parameter we are able to present the range of parameters which render accelerated expansion for each fixed point, i.e., which satisfy w eff < −1/3.
We are also interested in performing a stability analysis and, whenever possible, we do it through the study of the eigenvalues (e 1 , e 2 , e 3 ) of the stability matrix M, constructed by consideration of small perturbations around each fixed point (the eigenvalues are listed in Appendix A). Otherwise, we present the stability study as the result of a thorough numerical investigation. In general, the stability character of each fixed point has a clear dependence on the parameters. By allowing the disformal function to depend on the kinetic term we are assuming a more general transformation. As we will see, this reflects on the fact that the parameter µ, associated to this generalisation, can be used to widen/narrow the region of the parameter space that renders the fixed points stable (in comparison with the µ = 0 case, [77] ).
The restriction to the phase space imposed in Eq. (55) implies that each fixed point which is a potential attractor of the system must lie inside the region enclosed by this condition. Moreover, the only physically allowed solutions are the ones which respect this constraint throughout the entire evolution. In principle it would not be possible to ensure this behaviour a priori for all initial conditions. However, for particular choices of µ, we will see further on, (45) and (42) . The parameter values that lead to an accelerated expansion of the Universe, i.e., w eff < −1/3, for each fixed point, are also listed. For the fixed points (E±) d and (F±) d , the expressions σ E/F ± represent the solutions of the polynomial for σ given Eq. (57) .
that whenever the attractors of the system are physical, initial conditions inside the physical space remain inside it for all times.
In what follows we will consider the concrete cases of pressureless, γ = 1 (labelled as d), and relativistic, γ = 4/3 (labelled as r), effective fluids, which convey, respectively, an approximation to the late time and early time evolution of the Universe under this model.
Fixed points, Stability and Phenomenology for a pressureless fluid
First, we take into account the possibility of having a non-relativistic fluid (γ = 1) disformally coupled to the dark energy fluid. The fixed points are labelled (A) d -(F) d and are registered in Table I . Additionally, at the bottom of Table I , we register the singular fixed points found on the Σ → π/2 plane, inside the physical phase space, i.e., on the x = 0 line, labelled as (I 1 ) d and (I 2 ) d .
The pairs σ E± and σ F± represent the solutions of the following second order polynomial for the corresponding value of
, respectively, listed in Table I :
This choice of representation for the fixed points is ascribed to the intricate form of the analytical solutions obtained for σ, when solving the second order equation (57) .
In Table I the corresponding cosmological parameters are also listed. According to Eq. (42), the fixed points that correspond to the accelerated expansion of the Universe can exist only when y = 0. Without any further information, by inspection of Table I, this restriction implies that the only fixed points capable of providing an accelerated expanding description are (C) d and (D) d .
Summing up the information on the existence and stability of the whole set of fixed points, we have:
(i) Points (A ± ) d are independent from the parameters and so they are always present in the phase space. Since x is the only non-zero dynamical variable, we speak of scalar field kinetic dominated solutions. Based on Eq. (44), they are also referred to as kination fixed points, as they represent dominance of kinetic energy over potential energy. They are characterised by a stiff equation of state for the field, w φ = 1, and, as expected, as Z = 1 these fixed points present no metric singularity and can be treated under this formalism. They also feature a constant effective EoS, w eff = 1, and so are never capable of describing an accelerating behaviour. Depending on the value of the parameters α, β, λ and µ, they can be attractors, repellers or saddle points. Point (A + ) d is an attractor for
and a repeller for
On the other hand, (A − ) d can never be an attractor in this range of parameters and is a repeller for
(ii) The fixed point (B) d corresponds to a scaling solution and is referred to as a conformal kinetic dominated solution, since the disformal coefficient vanishes at the fixed point, according to σ = 0. It is characterised by a stiff EoS, w φ = 1. Its existence translates into a simple condition: α 2 < 3/2. The effective EoS is also a function of α: w eff = (2/3) α 2 , which means that this fixed point does not feature accelerating behaviour. Regarding its stability character, it is an attractor for:
and a saddle otherwise.
(iii) Point (C) d is a conformal scalar field dominated solution, since σ vanishes at the fixed point and Ω φ = 1. It is defined for λ 2 < 6 with w φ = λ 2 /3 − 1. The effective EoS parameter is also a function of λ, via w eff = λ 2 /3 − 1, and so, this point represents an accelerating solution whenever λ 2 < 2. One can easily conclude that, for parameter values satisfying the following inequality
it is an attractor and otherwise it is a saddle point.
(iv) Point (D) d is a conformal scaling fixed point as both w φ and Ω φ depend on the parameters and the disformal function vanishes at the fixed point (σ = 0). For its existence to be verified, two inequalities have to be satisfied: α (α + λ) ≥ −3/2 and λ (λ + α) ≥ 3. Its effective EoS parameter is a function of α and λ, and so, this fixed point is capable of describing an accelerated expanding scenario for α > λ/2. It is found to be stable when
(v) Points (E ± ) d and (F ± ) d are referred to as disformal fixed points since they are characterised by a non-vanishing disformal strength, σ = 0. These are new fixed points that emerge under the formalism considered here and are a consistent generalisation of the ones found in [77] . All of the four points originate a stiff EoS for the field, w φ = 1, and a possible metric singularity is present according to the role of Z in the Jacobian J, Eq. (54), which can be avoided through a proper choice of the parameters. These points are characterised by y = 0 and, hence, are not capable of describing an accelerated expanding Universe. Due to the intricate dependence of the disformal fixed points on the parameters, we perform an appropriate study to determine the conditions under which the disformal fixed points are inside the physical phase space. We started by conjecturing that the boundaries for the existence and stability parameter regions are a generalisation of the ones found for the case of µ = 0, with a simple dependence on the parameters β and (1 + µ), as found for the other fixed points. We verified this hypotheses analytically for µ = 1, 2, 3. Finally, we were able to confirm numerically that the conjectured parameter regions hold true for general µ and are given by
for points (E − ) d and (E + ) d , respectively, and
for points (F − ) d and (F + ) d , respectively.
The same argument used above yields the following conditions for the stability:
for (E − ) d and (E + ) d , respectively. They are saddles otherwise. The points (F − ) d and (F + ) d are always saddle points. In some range of the parameters, when µ ≥ 1, the stability regions of (E ± ) d are found to overlap with the ones for the other fixed points. When that is the case, the evolution of the dynamics of the system towards the attractor will depend on the initial conditions.
(vi) Point (I 1 ) d is a trivial infinite disformal fixed point which is always present in the phase space independently of the value of the parameters. It is always a repeller.
(vii) Point (I 2 ) d is a potential dominated infinite disformal fixed point which always exists and is either a saddle point or a repeller.
It is interesting to highlight that the introduction of the parameter µ, associated to the extension of the disformally coupled system studied in [61, 77] , manifests itself as a generalisation of the existence/stability parameter regions of each fixed point solution. This corroborates the hypotheses that the introduction of a kinetic dependence on the disformal function can be used to widen the stability parameter region for a fixed point with physical interest at late times.
When µ = 0, the stability parameter regions for the regular fixed points are totally disjoint, meaning that, for a specific choice of the parameters, there is one and only one attracting fixed point in the system, as depicted in Fig.  1 (a) , where colours denote regular attractors and blank spaces stand for forbidden parameter regions. In the latter there are orbits which leave the physical phase space in finite time, leading to non-viable cosmological scenarios.
When µ > 1, we find overlapping stability regions, in which the final cosmological evolution strongly depends on the initial conditions. When that is the case, initial conditions in the basin of attraction of each fixed point may lead to different, but still viable, cosmological evolutions. One example of such a scenario is illustrated in Fig. 1 (b) , where the competing attractors are the fixed points (D) d and (E + ) d .
In previous works [61, 77] , the interest of taking disformal couplings has been questioned on the basis that the viable models of disformal dark energy have late-time properties that are equivalent to those found in models with no disformal coupling. This is related to the fact that the disformal fixed points do not have accelerating properties. Additionally, they are characterised by a metric singularity (when µ = 0) and this property reduces the conditions under which these fixed points are cosmologically interesting. However, in these works, the study is restricted to the D ≡ D(φ) case. We have seen that, by taking the generalisation D ≡ D(φ, X) new disformal fixed points emerge with novel features. Albeit still not capable of being the main driver for the acceleration, this "kinetic" disformal fixed point solutions exhibit well-defined Jordan frame metrics, under certain conditions. This means that the disformal fixed points can be present with transient properties, thus introducing novel and enriched phenomenology. We identify the presence of a"natural resistance to pathology", as mentioned in [61] (and references therein) for the µ = 0 case. In other words, given any set of initial conditions inside the physical phase space, and parameter values such that the attractors are also inside the physical phase space, the orbits will always remain there. We were able to explain this phenomenon under this formalism by evaluating the derivative of the parameter Z 2 , as defined in (54), at Z 2 = 0, i.e., when we approach the pathological behaviour:
which vanishes for µ = 0. This implies that, as the orbits approach the Z = 0 surface, they inevitably become trapped and freeze at the singular surface. From Eq. (70) we can conclude that this is exceptionally true for the µ = 1 case as well. On the other hand, when µ = {0, 1}, depending on the parameter values and on the initial conditions, there is no longer a mechanism responsible for holding the orbits inside the physical phase space, and so they may momentarily escape. One example where an orbit briefly leaves the physical phase space, and therefore the metric transformation becomes ill-defined, is illustrated in Fig. 2 . Motivated by the discussion above, from now on, we will focus only on the case where the disformal coupling function has a linear dependence on the kinetic term, i.e., we take µ = 1. This assumption warrants that the metric transformation is always well-defined (or at the most, it may become singular). Moreover, according to Eq. (47), the EoS parameter in the Jordan frame identically coincides with the one in the Einstein frame. The latter will be an important simplification for the case of a radiation-like fluid, on which we focus in the following section.
Fixed points, Stability and Phenomenology for a relativistic fluid
Now, we wish to consider a relativistic fluid (γ = 4/3) disformally coupled to the dark energy fluid. As a simplification, and driven by the study for the non-relativistic fluid, we focus only on the case of a disformal coupling function which depends linearly on the kinetic term, i.e., we take µ = 1, in which case the EoS parameter is still invariant, according to Eq. (47). The fixed points for the system with γ = 4/3 and µ = 1 are registered in Table II , including the fixed points in the compactified plane Σ = π/2. In a similar fashion to the previous case, we list the relevant cosmological parameters, together with the range of values of the parameters that correspond to accelerated expansion. Yes   TABLE II . Fixed points of the compactified system of equations (36)-(39) for the γ = 4/3 and µ = 1 case, i.e., a linear dependence on X in the disformal coupling function defined in (32) . The corresponding cosmological parameters Ω φ , Z, w φ and w eff , as defined in Eqs. (44) , (54) , (45) and (42) , and the parameter values that lead to accelerated expansion of the Universe (w eff < −1/3) for each fixed point, are also displayed. For the fixed points (D±)r and (E±)r, the expressions σ D/E ± stand for the solutions of the second order polynomial for σ given Eq. (71) .
Similarly, the pairs σ D± and σ E± , presented in Table II , are the solutions of the following second-order polynomial, for the corresponding value of x:
Some comments can be stated regarding the existence and stability of each fixed point in Table II: (i) Point (O) r is a complete radiation dominated solution. It always exists as it is totally independent of the value of the parameters. It is characterised by an indetermination in the scalar field's EoS parameter, w φ (this is not physically relevant since the effective energy of the field -sum of kinetic and potential energy -is zero) and Ω φ = 0. It stands for a pure radiation dominated fixed point and it is always a saddle point.
(ii) Points (A ± ) r represent scalar field kinetic dominated solutions. They are independent of the introduced parameters and so they always exist. They present a stiff EoS parameter for the field, w φ = 1 and, as expected, present no metric singularity. The effective EoS parameter is also constant, w eff = 1. They can never be stable and they are repelling nodes in the parameter range
for (A + ) r and
for (A − ) r , making them possible past attractors of the system.
(iii) Regarding the fixed point (B) r , it is a conformal scalar field dominated solution, which was also found in the case of a pressureless fluid. Similarly, it is only defined for 0 ≤ λ ≤ √ 6 and w φ = λ 2 /3 − 1. A brief inspection of the eigenvalues shows that it can only be an attractor or a saddle point, since one of the eigenvalues is always negative in the fixed point existence range. It is an attractor for:
(iv) Point (C) r is a scaling fixed point and can only exist when λ ≥ 2. It is characterised by a constant EoS parameter for the field, w φ = 1/3 and presents no metric singularity. The effective equation of state parameter is, accordingly, w eff = 1/3. It is an attractor for
(v) Points (D ± ) r and (E ± ) r are disformal fixed points. Analogously to the dust-like disformal fixed points, these are novel solutions and, moreover, generalise the ones found in [77] . The points (D ± ) r and (E ± ) r can only exist for β ≥ √ 6 and β ≤ − √ 6, respectively. They are scaling fixed points in the sense that the density parameter of the field is a function of the parameter β. The effective EoS is also a function of the parameters. Moreover, the EoS of the field is constant, w φ = 1.
In the same fashion as for the dust-like scenario, general linear stability analysis techniques can not be applied in order to obtain simple conditions on the parameters for the stability of the disformal fixed points since these have a complex form and high-order dependence on the parameter β. Therefore, the stability study was also performed on the basis of conjectures which were subsequently verified numerically. We find that (D − ) r and (E ± ) r are always saddle points and moreover, in the range
(D + ) r is an attracting solution, otherwise it is a saddle. The parametric stability region for the fixed point (D + ) r is found to always overlap with the one for (C) r , emphasizing that the dependence of the final cosmological evolution on the initial conditions is also present for radiation-like fluids.
(vi) Point (I 1 ) r is a trivial infinite disformal fixed point and is always present in the phase space independently of the value of the parameters. It is always a saddle.
(vii) Point (I 2 ) r is a potential dominated infinite disformal fixed point which always exists and is always a repeller.
From this dynamical analysis we gather that the only possible (regular) past attractors of the model with relativistic fluids coupled to the dark energy source are (A ± ) r . This is consistent with what was found in previous studies and again, the novel feature introduced by the disformal coupling is the shaping of the stability regions and the emergence of early scaling solution candidates.
For the cosmological analysis of this model, on which we will focus in the following section, we will be concerned with late time cosmologies and, therefore, will not focus on couplings to relativistic fluids.
V. Cosmological Analysis
In this work we seek for viable cosmological trajectories, capable of describing the expansion history of the Universe, in which the kinetic disformal coupling introduces novel features.
Recall that, as a first approximation, we have only considered the case of a single fluid coupled to the dark energy component: a pressureless effective fluid or a relativistic fluid (the complete two-fluid dynamical analysis would depend on 8 parameters). This allows us to have a qualitatively grasp of the dynamics for the two-fluid case, as in the past history of the Universe, the contribution of non-relativistic matter is negligible whereas in the present, it is the contribution of the relativistic fluids which is practically insignificant. Thus, in the asymptotic past, we should look for the fixed points corresponding to a Universe totally dominated by radiation. At late times, however, we wish to look for a combination of the effect of the dark energy and pressureless fluids. Furthermore, the scalar field should only play a relevant role at late times. This means that, at early times, and in order to avoid signatures of early dark energy [4, 84] , the initial values of the variables associated to the scalar field (x and y) must be close to zero.
Regarding the previous analysis, the possible past attractors are (A ± ) r and the only possible late-time fixed points, that allow for accelerated solutions, are the scalar field dominated fixed point (C) d and the conformal scaling fixed point (D) d . The main difference resides in the nature of the asymptotic behaviour for the solutions (C) d and (D) d . The point (C) d stands for a universe completely dominated by the dark energy fluid near the fixed point. When (C) d is the attractor of the system, the coincidence problem, associated to the current observed values of the energy densities, persists. On the other hand, when the attractor is the scaling fixed point (D) d , the energy densities of the interacting species scale with each other and remain constant (for a fixed value of α and λ), independently of the choice for the initial conditions. This could, in principle, alleviate the coincidence problem.
Recall there are no new candidates for the late time attractor, in comparison with the conformally coupled quintessence scenario [7, 18, 20] . This result is a feature inherited from the purely φ-dependent disformal coupling [61, 77] . We will therefore investigate the impact of the disformal coupling in the two possible late time attractor scenarios leading to an accelerated expansion. Throughout this section, we express the expansion history of the Universe in terms of the cosmological redshift z, related to the scale factor as z = 1/a − 1.
Considering the scaling solution (D) d , the typical evolution of the energy densities is illustrated in Fig. 3 . We studied the three cases specified in Table III and confirmed that the energy density evolution remains practically unchanged from case to case. This is simple to understand given that at early times it is the scalar potential that rules the dynamics of the scalar field and only when the scaling regime between the field and coupled dark matter is attained the disformal coupling may have any effect. However, as can be seen in Fig. 4 , σ quickly decays and renders the disformal contribution negligible. Even the case with µ = 1 shows an evolution of σ that first increases but quickly turns around and decays.
The importance of the disformal coupling compared to the conformal can also be measured in terms of an effective conformal coupling, defined as
where ρ mc stands for coupled matter, that is to say, coupled dark matter. It can be observed in Fig. 4 that α eff can have strong departures from the conformal parameter α at early times, but as the disformal coupling decays, all cases tend to approach α at late times.
The extremely large coupling required to obtain a viable scaling solution is known to lead to overgrowth of dark matter perturbations and therefore excluded observationally [85] . We will now turn to the alternative possibility, the scalar field dominated solution, fixed point (C) d . Both the coupling and λ are expected to be small, and we chose the particular combinations shown in Table IV in the ballpark of the best fit parameters found in [86] . The effect of the disformal coupling becomes evident from Fig 5. As the mass scale M decreases, the disformal contribution becomes more relevant delaying the approach to the conformal kinetic fixed point (B) d . Once again, even though σ is large at high redshifts, it decays rapidly bringing the disformal coupling to become irrelevant at late times. This is shown in the left panel of Fig. 6 . The effective conformal coupling is now depicted in the right panel, where it is evident that decreasing the mass scale, or making the disformal coupling more important, suppresses α eff , bringing it close to zero at early times, a result that had already been pointed out in [59] .
The detailed dynamical analysis performed in the previous sections shows that the kinetic dependence on the disformal function introduces new disformal scaling fixed points that have only a potential transient effect on the early-time cosmology. That is emphasized by this numerical study that reports solely on viable cosmologies that have suppressed late-time disformal contributions, corroborating what has already been discussed in previous studies of the field-dependent disformally coupled model. 
VI. Conclusions
In this work, we have introduced and discussed the construction of a cosmological model, where the role of dark energy is played by a canonical scalar field. Moreover, the dark energy field is allowed to couple to the matter sector by means of a disformal transformation of the metric tensor. We have adopted a dynamical system methodology. More specifically, we have rewritten the main cosmological equations as a dynamical system, constructed from a set of useful (with physical meaning) dimensionless variables. Furthermore, we have identified the invariant sets, including, if necessary, at infinity, and performed a local analysis of the fixed points. Finally, by restricting the parameter space with physical interest, we were able to extract information about the past/future evolution of the Universe.
We have extended the analysis in the existing literature by introducing a dependence on the kinetic term of the scalar field in the disformal factor and performing an extensive and complete dynamical analysis. Since for disformally coupled models, relativistic fluids are also allowed to couple to dark energy, we have started by studying couplings to a single fluid. This allows us to have a first grasp over the past and future asymptotic behaviours associated to this setting. We have assumed a power-law dependence on the kinetic term, expressed through a new parameter, µ. We collect that new disformal solutions arise and, moreover, µ can be used to shape the parameter region of stability for each fixed point. Depending on the value of the parameters, any of the critical points can have a relevant cosmological role throughout the history of the Universe. Furthermore, we find that there are only two possible late-time attractors capable of reproducing the accelerated expansion of the Universe: a scalar field dominated fixed point and a scaling solution, which again, could be used to alleviate the cosmic coincidence problem. The disformal fixed points can never portray late time acceleration scenarios but, nonetheless, they may be present in the phase space with a transient scaling character. We also found candidates for radiation past attractors that are consistent with other coupled quintessence works. The dynamical analysis was of paramount importance as it provided us with a good understanding of the cosmological features of the model and made it possible to address some of the pathological behaviours found in [61, 77] (and references therein).
The numerical cosmological analysis of the model leads to the conclusion that, while new early disformal features may be present, the disformal effects are highly inhibited at late times. However, the presence of the disformal coupling, even if small, is valuable to broaden the stability region of the attractors. It is to be studied in future work, the impact on the evolution of perturbations when µ = 0. TABLE V. Eigenvalues for the fixed points of the system of equations (36)-(39) for the γ = 1 case given in terms of the parameters.
For the fixed point (D) d in Table V 
